To understand the underlying degrees of freedom, near horizon symmetry analysis of a black hole has gain significant interest in the recent past. In this paper we generalized those analysis first by taking into account a generic null surface carrying U (1) electromagnetic charge. With the appropriate boundary conditions near the surface under study, we identified the symmetry algebra among the subset of diffeomporphism and gauge generators which preserve the metric of the null surface and the form of the gauge field configuration. With the knowledge of those symmetries we further derived the algebra among the associated charges considering general Lanczos-Lovelock gravity theory and gauge theory. Importantly while computing the charges we not only considered general theory, but also used off-shell formalism which is believed to play crucial role in understanding quantum gravity. Both the nonextremal and extremal cases are addressed here.
I. INTRODUCTION
Symmetries and the corresponding conserved charges play very important role in understanding the full dynamics of a theory. In this respect the theory gravity (with or without matter), has been one of the important areas of research for quite a long time mainly because of its non-linear nature. For a generic diffeomorphism invariant gravity theory, the Noether current and charge are shown to be very important in understanding the thermodynamic properties of black holes [1] . In this context, one of the important results is the commutator algebra among the charges associated with the asymptotic symmetries of a spacetime under study due to diffeomorphism. In general those lead to Virasoro algebra with a central charge [2] . This central charge is found to be intimately connected with the entropy of black holes through well known Cardy formula [3] . Therefore, understanding the symmetries, specifically under the spacetime dependent transformation, has been central part in gravity for a long time (see [4] - [18] for some later progress in this direction).
In these endeavors, one recent study which gains significant attention is the exploration of symmetries near the asymptotic infinity and near the horizon. Asymptotic symmetries are such that it preserves the form the metric near the asymptotic boundary or near the horizon. This analysis has been inspired by the old observations made by Bondi, Metzner, and Sachs [19] - [22] , in which the central question was to the understand the gravitational scattering phenomena and its effect near the asymptotic flat boundary. The symmetry which born out of their analysis is well known BMS symmetry. This * maitra.91@iitg.ernet.in † debu@iitg.ernet.in ‡ bibhas.majhi@iitg.ernet.in forms an infinite dimensional group which is a semidirect product of usual Poincare symmetry and the infinite dimensional super-translation symmetry transformation. This idea has been extended to different situations -either for gauge fields [23] - [26] or for gravity [27] - [30] (for a review, see [31] ). Therefore, the simplest idea would be to extend those BMS type analysis near the null horizon surface of black holes. The general strategy is to impose the conditions on the variation of the metric coefficients, expressed in Bondi-Sachs (or Gaussian null) coordinates, such that under diffeomorphism the near horizon structure does not change. Calculations have been done, till now, for a static or stationary horizon (see [32] [33] [34] for different cases) which are solutions of Einstein's equations of motion.
In this paper our aim is two fold. Firstly we study asymptotic symmetries and the associated algebra which keep a generic charged null surface invariant. In this paper we study generic nonextremal and extremal charged null surface separately. To keep our study even more general while calculating various charges and their algebra, we also consider Lanczos-Lovelock (LL) theory of gravity in presence of arbitrary U (1) gauge field. This will help us understanding the properties of charges while incorporating the interactions among the fields. Second, we will do our whole analysis off-shell. By this we mean that neither the Einstein's equations of motion nor the gauge field equation of motion will be used in our final results. Let us point out that this has not been looked at earlier. Now the questions are: Why are we interested in this and what will be achieved?
It has been observed that not only black hole horizon has thermodynamics interpretation, any generic null surface in gravity theory has this properties [35] . The idea stems from the equivalence principle-locally an accelerated frame known as Rindler frame can mimic gravity and hence it can be a good candidate to explore various properties of gravity. Therefore, an accelerated observer in flat spacetime background is equivalent to a static ob-server in curved spacetime. This stimulates to think the gravity as an "emergent phenomenon" [36] . Nevertheless from the above discussions one would tend to think that understanding the behavior of a generic null surface not only can provide the desired results of on-shell properties of the theory under study but also can shed light on the off-shell behavior which naturally appears in quantum theory.
Keeping this in mind, we choose a generic null surface in the presence of gauge fields for our discussion. Imposing the relevant fall-off conditions for the metric coefficients and gauge fields, which asymptotically preserves the null structure, we find the associated diffeomorphism and gauge symmetry transformations. Then the algebra of the corresponding Fourier modes are obtained. The charges for the diffeomorphism and gauge symmetries are computed off-shell. We also computed the associated symmetry algebra for transformation parameters which are arbitrary function of null surface coordinates. It is quite evident that our analysis is completely off-shell not only by the choice of metric, but also by the derivation of charges as nowhere the information of equations of motion has been used. Also our results are valid for any order LL gravity in the presence of U (1) gauge field. Here we consider both nonextremal and extremal situations. Hence we demand that our present analysis is much more general and must reflect the properties of a wide class of theories.
II. NULL SURFACE: A BRIEF INTRODUCTION
In this section, we shall briefly discuss about the relevant properties of a generic null-hypersurface in an arbitrary spacetime dimension. For the description of the null surface we consider well known Gaussian null coordinate as (u, r, x A ), with A = 2, 3, . . . , d where A corresponds to the angular coordinates. d is the number of spacetime dimension. The metric in this coordinate system is expressed as [37, 38] ,
where, we assume the null surface to be located at r = 0. The behavior of the metric components near the null surface are assumed as,
(1)
At this point let us point out that the fall off condition for g uu has been chosen for nonextremal null surface. We will discuss extremal case separately at the end. As has been emphasized in the Introduction, we will consider most generic null surface with all the metric components M, h A , and µ AB being functions of all the spacetime coordinates (u, r, x A ). Moreover, we assume that the null surface is charged under the U (1) gauge field A a . Therefore, all the metric components in general will also be a function electric and magnetic charges. For a generic null surface we can define a null vector and its complimentary null vector k a = (1, 0, 0) and l a = (0, −1, 0) respectively such that g ab l a k b = −1 holds. For convenience we also mention here the covariant components of those two vectors as k a = (−2rα, 1, −rβ A ), and l a = (−1, 0, 0). We also can see that the r = 0 surface is a null (d − 2) dimensional sphere with an elementary surface area
where µ is the determinant of the induced metric on null surface.
For generic charged null surface we also consider the following fall off conditions for the gauge field near the surface as,
where the time component of the gauge field assumes a constant value C (0) to the leading order in r. The time component of the gauge field is generally identified as a scalar potential. Therefore, it must be a constant on a particular surface. We also chose the following gauge condition, A r = 0. The choice of A B needs further explanation. However, for Kerr-Newmann black hole the condition appears to be true. As has been observed in [39, 40] , a static observe sitting outside the horizon will express the energy density of the electromagnetic field as U = T uu (1/2rα), where T uu is the outgoing null-null component of energy-momentum tensor. This component must be divergent as one approaches towards the null horizon r = 0. Therefore it is sufficient to consider T uu to be finite. Considering the explicit expression for the electromagnetic energy momentum tensor one can immediately show that to the leading order in r,
A ). The detailed discussion on this issue is given in Appendix A.
As emphasized before we study the near horizon symmetries of a generic charged null surface. Therefore, it generalizes a special class of null metric that can be obtained from the near horizon expansion of KerrNewmann black hole which is stationary (the procedure can be followed from [41] ). Here we are considering the case with all the metric coefficients to be depending on all spacetime coordinates. Moreover, the null metric eq. (1) is not a solution of Einstein's equations of motion. Therefore our analysis will be much more general and covers a wide class of spacetimes. In that respect the present one differs from the analysis given in [32, 34] .
III. SYMMETRIES NEAR THE NULL SURFACE
In order the understand the symmetry properties near a surface, the general approach is to define the appropriate fall-off conditions for the metric coefficients and the gauge field components. The appropriate fall-off conditions are such that it keeps all the gauge choices intact and remaining components of the metric and the gauge field assume the same form near the null surface r = 0 after the symmetry transformations. For the present purpose we will simultaneously consider the symmetries under diffeomorphism and U (1) gauge transformations. After the transformation we solve for the aforementioned boundary conditions and identify the appropriate generators and their algebraic properties.
Let us first concentrate on the boundary condition of metric coefficients. These boundary conditions can be divided into two categories. One category is related to the gauge fixing conditions which we call "strong" ones,
while remaining conditions are the "weak" ones, and those are
In the above £ ζ denotes the Lie derivative along the vector ζ a corresponding to the diffeomorphism x a → x a +ζ a . These strong conditions says that the metric components which are zero or constant, must remain unaltered after the diffeomorphism and the weak conditions come from the leading order behavior of the metric coefficients α, h A , µ AB . Now as emphasized earlier, we also need to consider the behavior of the gauge field. The combined symmetry transformation of gauge and diffeomorphism will lead to the following transformation for the gauge field A µ and satisfy,
while the other components must satisfy,
In the above ǫ is the U (1) gauge transformation parameter. Our aim now is to find out the diffeomorphism vector ζ a and the gauge parameter ǫ which satisfy the above imposed conditions. This can be done in the following way. First we solve the strong conditions (4) to find different components of ζ a and then we impose the weak conditions (5) on aforementioned solutions. From Eq.(4) we find
where F , T and R A are the integration constants which are unknown at this moment (for a schematic derivation, please see Appendix B). The weak conditions for the metric component g uu , g uA , Eq. (5) give us the following constraint on the diffeomorphism parameters derived in Eq. (8):
The fall-of condition on g AB does not give any new condition (see Appendix B). Our goal is to understand the symmetry properties of the null surface located at r = 0. Therefore, any transformation which changes the position of the null surface should vanish as we approach toward the null surface. This implies the vanishing T (u, x A ) from Eq. (8) . Therefore, with the condition T = 0, we just mentioned, all the constraint Eqs. (10) will automatically be satisfied provided rotation parameter R A being independent of u. In a similar manner, the Eq.(6) solves for gauge parameter ǫ. To find ǫ one has to use the components of ζ a which have been found out by the conditions on g ab . Finally one finds the relevant parameters as
Here E is an another integration constant. The above expressions are the symmetry parameters which keep the null surface structure invariant near r = 0.
IV. ALGEBRA OF THE SYMMETRY PARAMETERS
We are now interested to explore the algebra of the Fourier modes of the symmetry parameters very near to the null surface. In this case the nonvanishing parameters of our importance are
For our subsequent computation, we assume that R Aq are function of associated angular coordinate
Aq is the q th angular coordinate. The Fourier modes of F , R A , E are expressed as,
Aq ;
where,m, n, k, j and l are both positive and negative integers. a is a constant having dimension of inverse length.
Hence the periodicity of the coordinate u is taken to be 2π/a. The associated symmetry algebra of the aforementioned Fourier modes will be coming from the algebra satisfied by the various components of diffeomorphism vector ξ a and the gauge parameter ǫ. The modified Lie bracket among those parameters are given by [27] ,
where,
Here δ g ζ1 ζ 2 denotes the variation in ζ 2 under the variation of the metric induced by ζ 1 ; i.e. due to δ g ζ1 g ab = £ ζ1 g ab . However, from our analysis the components of the diffeomorphism vector ζ a turned out to be independent of metric component as one approaches towards the null surface. So we can use only Lie bracket shown in Eq. (14), instead of the modified version of it. Hence, the required symmetry algebra are constructed as follows,
Here it is clear that superroration vectors (R Aq n ) are commutative for different angular variables. This is in sharp contrast with the usual rotation algebra. Moreover supertranslation vector F m,n is noncommutative with itself. This happens because of supertranslation generator F being a function of both space and time coordinate. In this sense, our analysis is the generalization of studies reported in [32] . In the subsequent section we will calculate various charges and their associated algebra corresponding to the diffeomorphism and U (1) gauge symmetry transformations which keep our generic charged null surface invariant.
V. CHARGE AND ITS ALGEBRA: AN OFF-SHELL ANALYSIS
In this section our aim is to find the algebra among the Fourier modes of the charges corresponding to the aforementioned diffeomorphism vector and gauge parameter. For both the cases we shall first identify the most general expression for the Noether charges corresponding to general two derivative LL gravity in presence of matter and general U (1) gauge invariant theories. The general action for gravity and minimally coupled U (1) gauge invariant theory is taken to be,
where
For instance, in case of U (1) Yang-Mills theory, it is given by f = (1/16π)F ab F ab . In this case, the charge due to both the diffeomorphism and gauge symmetries is given by
where first term is the contribution originating from the gravity while the other one is the matter part. Let us first concentrate on the gravity part. For LL gravity, one obtains [6, 42] 
with P abcd = ∂L/∂R abcd . For the sake of generality we considered the above charge to be off-shell in the sense that one does not need to use the Einstein's equation of motion to derive this. This is very important for our purpose as we emphasized earlier that the generic null metric Eq.(1) under our present study does not need to be a solution of Einstein's equations of motion. Hence the algebra will of off-shell in nature.
Since our charged null surface is locate at r = 0, the surface integral will survive only for dΣ ur component. Therefore, the expression of diffeomorphism charges comes out to be,
Using the symmetric properties of P abcd the above expression can be expanded as
In the next step, we lowered the last two indices of P abcd so that it gives a nonzero finite value near the null surface. Finally using the explicit expression for the symmetry transformation parameter Eq.(10) and then taking the limit r = 0 we found,
In terms of Fourier modes of the symmetry parameters (ζ a , ǫ) as shown Eqs. (12) , the associated charges can be written as ,
and
In a similar manner we will calculate the charge associated with the U (1) gauge transformation. As has already been pointed out, our goal is to compute the charge for a general nonlinear U (1) invariant Lagrangian. One such well known theory is called Born-Infeld electrodynamics with f (F ab ) = λ 2 (−1 + 1 + F ab F ab /(8πλ 2 )). Where λ is the Born-Infeld parameter. Clearly for large λ limit one gets back the usual U (1) electromagnetic theory. Goal is to keep our discussions as general as possible, therefore, we will not consider any specific form of f (F ab ). The Noether current due to gauge symmetry is given by
where ǫ is the gauge parameter. An off-shell derivation of this current is presented in Appendix C. Using Stoke's theorem and considering only the null boundary locate at r = 0, one obtains the associated charge on the null surface as
where, f ab = ∂f (F )/∂F ab . This charge is also defined off-shell as no condition of the equation of motion has been imposed in the derivation. The Fourier modes of the U (1) gauge charge turns out to be
We have all the three different types of charges for a generic charged null surface. as the super-gauge charge. Hence, associated symmetry transformation will change the electromagnetic charge of the null surface. In the solution space of the full Einstein equation, such as black hole spacetime, those conserved charges indicate the existence of soft hair near the horizon of the black hole. This has a potential to solve the so called information loss paradox of black holes (for recent discussion see [43, 44] ).
Out of those (Q[F m,n ], Q[R
Using the fundamental Lie bracket among the gauge
, the Lie bracket algebra among the various charges can be expressed as,
It is clear from the above Eqs. (27) that the symmetry bracket among the charges are isomorphic to that among diffeomorphism vectors. Here the gauge symmetry and the diffeomorphism symmetry together form a closed algebra is in sharp contrast with the usual transformation. The implication of this could be interesting to explore further. At this point let us again emphasize the fact that our analysis does not depend upon the equation of motion of the fields under consideration. We started with a general charged null surface which is not a solution of Einstein's equation of motion. After this we follow the usual asymptotic symmetry analysis with a physically motivated fall of conditions of all the field under study near the surface. Associated with those symmetries we constructed conserved charges without taking into account the equation motion. Therefore, our off-shell approach not only helps us to understand the symmetry properties of a generic null surface but also be applies to the on-shell solution. therefore, it is much more general than the earlier analysis [27] [28] [29] [30] 32] .
Before we complete our analysis, we show that the same algebra can also be obtained from the Noether charge corresponding to the surface term of the gravitational action. For simplicity, we will only consider the usual Einstein-Hilbert action and its associated boundary term called Gibbons-Hawking-York (GHY) surface term. The idea is the following. It is well known that the GHY term itself, calculated on the horizon, leads to horizon entropy. Moreover, its Noether charge plays the same role (see Sec. 2 of [45] for a detail discussion). The reason behind this is that both the terms will coincide on the null surface. Since we did not find such discussion in the literature, in Appendix D we show this similarity explicitly for a static spacetime.
The conserved Noether current for GHY term is given by [7] ,
where N a is the unit normal to the boundary ∂V of a region of spacetime V . K = −∇ a N a is the trace of the extrinsic curvature of this boundary surface and J ab is the Noether potential associated with diffeomorphism symmetry of the theory. Now since both the Noether charges of the Einstein-Hilbert action and GHY term leads to entropy when calculated on the horizon, we expect that the GHY Noether charge also lead to same algebra (27) for the parameters (10) obtained here. For the given null surface (1) only relevant surface element is dΣ ur = d (d−2) x. The unit spacelike normal vector N a on r = constant surface comes out as N a = (0, (r 2 β A β A + 2rα) −1/2 , 0) and so the contravariant components are as follows:
Therefore, the trace of the extrinsic is calculated to be
Substituting all the relevant quantities in the charge expression for the parameters (11) one obtains
(31) which is the similar expression obtained earlier from the usual Noether charge [see Eqn. (21)] with the value of P abcd for GR). Therefore it is obvious that this will also lead to the algebra (27) . This further indicates that the surface term of gravitational action carries the information of the bulk theory (for more to this direction, see [45] and the references therein).
VI. NULL SURFACE: EXTREMAL CASE
As has been mentioned before, in this section we study symmetry algebra for a generic charged extremal null surface which is define as a zero temperature limit of a nonextremal null surface considered so far. In this case also we will perform the off-shell symmetry analysis for a generic gravity and U (1) gauge invariant theory. The neighborhood of an extremal null surface is parametrized by Gaussian null coordinate as:
The extremality condition which is equivalent to zero temperature limit, is manifested into the fall off condition of g uu ∼ O(r 2 ) as one approaches towards the surface at r = 0. Considering the following scale transformation r ′ = λr and u ′ = u/λ, the metric near the extremal null surface is approached by taking λ → 0 ;
As one can observe the behavior of the remaining metric components α, β A , and µ AB are same as non-extremal surface defined in Eq.(3). The extremality condition on the metric does not have any effect on the gauge field A µ configuration near the surface Eq.(3). Therefore, given the metric and the gauge field configurations in the extremal null background, we will carry out the same analysis as before with the following modified fall off conditions,
. (34) As emphasized, all the remaining conditions remain the same. Therefore, the diffeomorphism parameters derived in Eq. (8) have to satisfy the modified constraint relations as follows,
As stated earlier, radial component of the diffeomorphism vector T must be zero near the surface. Therefore, all the constraint Eqs. (35) will automatically be satisfied if we consider,
Hence, R A will be independent of u coordinate. The general solution of F (u, x A ) can be written as,
We have two independent arbitrary functions (M (x A ), N (x A )), in the time diffeomoprphism symmetry. In order to have regularity of the metric at r = 0, an observer very near the surface must periodically identify u → u + β, such that β plays the role of inverse temperature. The same periodic identification for the aforementioned time diffeomorphism parameter F (u, x A ) = F (u + β, x A ) will automatically fix one of the arbitrary functions M (x A ) to be zero. Therefore, F becomes independent of u, which is in sharp contrast with the nonextremal case described earlier. Therefore, for extremal null surface, the asymptotic symmetry generators are-
Following the same procedure as has been discussed for nonextremal null surface, the associated symmetry algebra will take the following form,
Henceforth we observe that for the extremal null surface, the supertranlation vector field F commutes with itself which was noncommutative for nonextremal case (15) . Similarly algebra between charges will change only for those associated with supertranslation charges Q[F n ] as,
Here also brackets among charges are isomorphic to that among the vector fields. Other results from (27) remain exactly same as before. It would very interesting to understand the physical interpretation of this difference in symmetry algebra for two different null surfaces. How the zero temperature limit plays the role in determining the symmetry could be an interesting point to study.
VII. CONCLUSIONS
One of the main goals of our present analysis was to understand the symmetry properties of a generic null surface defined in gravity theory minimally coupled with the electromagnetic gauge theory. As we have emphasized throughout our analysis, we have done two important generalizations of the existing analysis. In one direction we have considered the most general U (1) invariant electromagnetic theory minimally coupled with a gravity theory at any arbitrary order in LL gravity. On the other hand, in our derivation of symmetry algebra among the charges we make use of the off-shell formalism, where we have not considered any equation of motions. Therefore, our study can automatically gives the near horizon symmetry of any black hole of the theory under consideration. The analysis has also been extended to extremal null surface. As has been pointed out in the recent papers [43, 44] , in the black hole background those near horizon symmetries are spontaneously broken. Therefore, in quantum theory those symmetry breaking will lead to the associated Goldstone modes which will behave as soft hairs. This may play important role in solving the black hole information loss paradox.
Nonetheless, we found the near horizon symmetries which can be categorized as supertranslation and superrotation acting on the null surface under study. As discussed those transformations asymptotically preserve the structure of the null structure in the presence of gauge charge. Finally the algebra of the corresponding charges on the null surface have been computed. Our algebra for the parameters and the charges are different from the earlier ones. This difference is due to the fact that in general the super translational parameter can be function of null coordinate (u) and we have considered this situation. Whereas, the earlier ones did not take into account this. Therefore, our analysis takes care of most general situation in all respect. Hope this will illuminate more this paradigm.
Note added. Recently, a paper [46] has been appeared in arXiv which deals the near horizon symmetries and associated algebra of the charges for a Kerr-Newman black hole. Our analysis is much more general as we considered here the charge for the any order LL gavity theory in presence of gauge fields with in general represented by the action which is any function of field strength. Moreover, the present one analyzed for any generic null surface, not restricted to stationary horizon. In addition, it is an offshell analysis in all respect. Therefore our paper presents results which is much more general by nature. Acknowledgment: One of the authors (M.M.) thanks Krishnakanta Bhattacharya for several useful discussions during the execution of the project. Here we are considering the static observer very near to the null surface r = 0. It has been pointed out in the main text that for such an observer the energy density U = T ab u a u b diverges, where u a is the four velocity. Now for the given metric, u a is given by u a = (1/2rα, 0, 0), as u a u a = −1. Therefore energy density turns out to be
In order for U to be divergent, T uu should be finite as we approach toward r = 0. Hence T uu is r independent. Now near the null surface the U (1) electromagnetic gauge field energy-momentum tensor will take,
Therefore, in order for T uu to be finite, A B ≈ O(1).
Appendix B: Derivation of diffeomorphism and gauge parameters
Diffeomorphism vectors (8)
The first equation of (4) implies that 2g ur ∂ r ζ u = 0 ,
which immediately implies the form of ζ u given in (8) . Using this in the last condition of (4) one finds
Solution of which leads to ζ A . Finally, use of these components in the second condition of (4) yields
whose solution is the radial component of ζ a .
Equations in (10)
Putting the components of ζ a from (8) in the first condition of (5), we get near null surface as,
In the above expression we have written down the leading order term. Now given the fall off condition £ ζ g uu = O(r) as shown in Eq.(B4), the right-hand side of the above equation must vanished as it is O(1) in r. Similarly near r = 0, variation of the other metric components read
which must vanish according to £ ζ g uA ≈ O(r). This yields the other equation in (10) . With these one can verify that the remaining conditions of Eq. (5) are automatically satisfied as one approaches toward the null surface. The variation of g AB £ ζ g AB = F ∂ u µ
AB + T µ
does not give us any new constraints as it is already matching with assumed fall off condition £ ζ g AB = O(1).
Derivation of gauge parameter ǫ
Using the derived forms of ζ a , the condition (6) leads to
whose solution yields the expression of gauge parameter ǫ given in Eq. (10) . The other conditions do not give any new constraints as they are now automatically satisfied. For instance one obtains near the null surface
which are O(1).
where h is the determinant of the induced metric on the radial coordinate constant surface which is timelike. This clearly shows that the two quantities, one is the GHY term and other one is the corresponding Noether charge multiplied by the periodicity of the Euclidean time, are same on the horizon. This is why both of them give the same quantity -entropy of the horizon.
